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Online Movies. I have an example of a sequence of functions, in $L^2(\mathbb{R})$, which converges in $L^p$, but not in $L^2$ for any $p > 2$. How can this be? Let $a_n > 0$ be a

sequence of positive numbers, $b_n$ be a sequence of integers, and define a sequence $f_n \in L^2$ by $$f_n(x) = e^{ -\sum_{k=1}^n a_k^2|x|^{2b_k}}.$$ Then $\{f_n\}$ converges in
$L^p$ for all $p \in (0,1)$; in particular, it converges in $L^2$. How can this be? A: Note that $$ \| f_n \|_2^2 = \int_\mathbb{R} |f_n(x)|^2 \, dx = \sum_{k = 1}^\infty a_k^2

\int_\mathbb{R} |x|^{2b_k} e^{ -2a_k^2|x|^{2b_k}} \, dx $$ If we choose $a_k$ and $b_k$ such that $$ \
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